Chiral-antichiral pairs of non-Abelian Hall states, like the Pfaffian, ReadRezayi and NASS states, can be used to model two-dimensional time-reversal invariant topological insulators. Their stability was shown to be associated to the presence of a Z 2 anomaly and characterized by the same Z 2 index introduced for free fermion and Abelian systems. In this work, we continue the stability analysis by providing the form of time-reversal invariant interactions that gap the non-Abelian edge excitations. Our approach is based on the description of non-Abelian states as projections of corresponding "parent" Abelian states.
Introduction
Topological states of matter in two and three dimensions are currently investigated both theoretically [1] and experimentally [2] [3] , and new systems have been suggested in combined two-three dimensional geometries [4] . Of particular interest are the timereversal invariant systems, such as the topological insulators, that can be realized in absence of external magnetic fields. They are characterized by gapful excitations in the bulk and massless charged edge excitations.
Two-dimensional topological insulators with interacting fermions, i.e. different from band insulators, can be modeled by pairs of quantum Hall states carrying opposite spin and chirality, such that time-reversal invariant systems are obtained [5] . Assuming the existence of a suitable bulk Hamiltonian that gives rise to both sets of edge excitations, the question remains of the interactions between electrons of opposite chirality at the edge, that can gap completely the system and made it topologically trivial. Some interactions may be forbidden by time-reversal symmetry, possibly combined with other discrete symmetries, leading to a so-called symmetry protected topological phase [6] . Thus, the stability analysis is particularly relevant in this kind of theoretical modeling [5] [7] [8] .
In our earlier paper [9] , a stability criterium based on symmetry arguments [5] was generalized to time-reversal invariant topological insulators with non-Abelian edge excitations (see also [10] ). In the present work, we complement this analysis with the study of the allowed interactions. Analogous analyses are currently developed for interacting two-dimensional topological superconductors [11] and for two-dimensional systems on the surface of three-dimensional topological insulators [4] [12] [13] .
Flux insertion argument and edge interactions
The stability analysis of topological insulators was based on two approaches: the first used symmetry and topology arguments and the Kramers theorem; the second involved a systematic study of edge interactions that do not break time-reversal symmetry. In the first approach, pioneered by Fu, Kane and Mele [14] [15] [16] , one considers the response of the system, say in the annulus geometry, to the insertion of flux quanta at the center -a refinement of the well-known Laughlin argument for the quantized Hall current [17] [18] . For example, in the case of a single spinful free fermion mode, the addition of half flux Φ 0 /2 let the ground state |Ω evolve into a spin S = 1/2 neutral edge excitation, corresponding to a change of the In time-reversal invariant systems, the Kramers theorem implies that this edge state is degenerate with another S = 1/2 state |ex coming from the excitations (see Fig.1 ). This degeneracy is robust with respect to any perturbation that preserves time-reversal symmetry, and it implies that ground state and excitations at Φ = 0 are separated by a gap ∆E = O(1/R), that vanishes in the large volume limit. Therefore, the time-reversal invariant topological insulator of one free fermion has gapless edge excitations and is topologically non trivial. The argument clearly extends to N free fermion systems that are stable (resp. unstable) for N odd (even).
The flux insertion argument was generalized by Levin and Stern [5] to systems with Abelian edge excitations, that can be described by multicomponent Luttinger liquids [19] . The Z 2 index was show to extend as follows:
where ν ↑ is the Hall filling fraction and e * is the minimal fractional charge, in units of e, of one chiral component (equivalently, the dimensionless ratio of the spin Hall conductivity and minimal charge σ sH /e * ). In a system with anyonic excitations, the ratio (1.2) correctly measures the spin ∆S of the smallest electron excitation created at the edge by adding half fluxes. An odd (resp. even) ratio corresponds to stable (unstable) systems, generalizing the number of fermion modes in the non-interacting case.
The second stability analysis was based on studying the possible time-reversal invariant electron interactions at the edge [5] [7] . Their general expressions in multicomponent Abelian systems can be written using vertex operators of the bosonic conformal field theory in the so-called K-matrix formalism. It was found in Ref. [5] that the stability of the edge modes is again determined by the index (1.2): when this is positive, i.e. the Kramers degeneracy argument does not hold, there are enough interactions for gapping all edge modes; conversely, if the index is negative, i.e. there is Kramers degeneracy, one mode remains gapless. In conclusion, both approaches of studying flux insertions and interactions led to the same conclusions about the stability of topological insulators with Abelian edges.
Non-Abelian topological insulators
In a recent paper [9] , we were able to extend the first kind of stability analysis to topological insulators involving pairs of non-Abelian edge excitations, like the Pfaffian [20] , the Read-Rezayi [21] and the non-Abelian Spin Singlet States [22] . We first obtained the grand-canonical partition function of the conformal field theory describing chiral-antichiral pairs of edge excitations, by dwelling on earlier results [23] [24] . Then, we used the partition function for discussing the flux argument in full generality for any interacting system. Quantum Hall edge states possess neutral modes that can be Abelian or nonAbelian. The corresponding conformal theories have the affine symmetry U (1) × G/H, where U (1) is the charge symmetry and G is another (non-Abelian) symmetry characterizing the neutral part (possibly a coset G/H) [24] . The electron field is represented by the product of a chiral vertex operator V = e iαϕ for the charge part and the neutral field ψ e of the G/H theory:
Even in non-Abelian theories, the field ψ e should have Abelian fusion rules with all fields in the theory, i.e. should be a so-called simple current [25] . This field can be used to build the partition function on the spacetime torus that is modular invariant, i.e. symmetric under discrete coordinate changes that respect the double periodicity [25] . It was found that the partition function of any quantum Hall state is uniquely determined by two inputs: the choice of neutral G/H theory and of Abelian field ψ e in the theory that represents the neutral part of the electron [24] .
The study of transformations of the partition function under flux insertions [9] showed that the neutral sectors do not play any role, and that the stability depends on a pair of numbers (k, p) parameterizing the charge spectrum, namely the value of the minimal charge, e * = 1/p, and of the would-be chiral Hall conductivity (spin conductivity), ν ↑ = k/p. The minimal spin ∆S excitation created by flux insertions was found to match the Levin-Stern index (1.2), again
In particular, the simpler topological insulator made by a pair of Pfaffian states is unstable, since it corresponds to e * = 1/4 and ν ↑ = 1/2, i.e. to (k, p) = (2, 4).
In the same paper, we emphasized that the change of index under flux insertions expresses a discrete Z 2 anomaly, that is the non-conservation of the (edge) spin parity (−1)
2S of the fermionic system [14] [10] [26] . Indeed, this anomaly is the remnant of the U (1) S continuous anomaly of the spin Hall effect after the inclusion of relativistic corrections, such as spin-orbit interaction, that break the spin conservation explicitly (but keep time-reversal invariance) [1] .
The behaviour of the partition function under modular transformations was also analyzed [9] . In presence of fermionic excitations, this function always possesses four parts (spin sectors), called the Neveu-Schwarz and Ramond sectors and their tildes; these are characterized by antiperiodic and periodic boundary conditions for the fermion field in each direction [25] . It was found that the half-flux insertions and the modular transformations S and T map the four spin sectors among themselves. In the case of unstable non-anomalous systems, time-reversal symmetry allows to sum the four sectors together, leading to the complete modular invariant Z Ising ; on the contrary, in the presence of Z 2 anomaly they cannot be summed up, leading to four independent partition functions, as follows:
Therefore, the Z 2 spin parity anomaly was associated to a discrete gravitational anomaly, i.e. to a lack of complete modular invariance of the torus partition function [27] .
Interactions in non-Abelian topological insulators
In our previous paper [9] we did not discuss the allowed edge interactions, thus we could not check whether a non-anomalous system, not protected by the Kramers theorem, does actually become fully gapped. In this paper, we provide the expressions of a sufficient set of gapping interactions passing all physics tests.
We use the known result that some non-Abelian states can be described as projections of corresponding "parent" Abelian states [28] [29] . For example, the (331) Halperin state of distinguishable electrons is related to the Pfaffian state by the projection onto states of identical electrons, e.g. by antisymmetrizing over wavefunction coordinates. Since this projection does not affect the time-reversal symmetry of states and operators, it maps time-reversal invariant interactions between the two theories. Clearly, the value of the Levin-Stern index is equal in the unprojected (Abelian) and projected (non-Abelian) theories [9] . Through this mapping the earlier study of Abelian edge interactions [5] [7] [8] can be extended to non-Abelian cases, where it provides the possible electrons interactions. It turns out that these are not sufficient to completely gap the system, but further neutral quasiparticle interactions can be introduced that do this task when the Levin-Stern index is one.
The plan of the paper is the following. In Section two, we recall the analysis of time-reversal interactions in multicomponent Abelian theories. In Section three, we introduce and use the projection from the Abelian (331) state into the Pfaffian to obtain the non-Abelian interactions. In analyzing their properties, special attention is paid to normal ordering of fields and to the absence of spontaneous breaking of timereversal symmetry. In Section four, we generalize this results to the Z k -parafermionic Read-Rezayi states. In Section five, we similarly study topological insulators made by pairs of non-Abelian spin-singlet (NASS) states, which turn out to be all unstable. Finally, in Section six we present our conclusions.
Time-reversal invariant interactions in Abelian theories
We start by recalling the conformal field theory description of bosonic fields within the K-matrix formalism [19] . In the case of topological insulators, the lattice of excitations is doubled to account for the pairs of fields with opposite spin and chirality, as described in [5] [7] (we adopt the notation and conventions of [7] ). We introduce the 2N × 2N symmetric invertible matrix K with integer components: time-reversal symmetry determines its form to be,
where K is the usual symmetric N × N matrix of Abelian Hall systems and
A generic (multi)-electron excitation is specified by a vector Λ with 2N integer components, such that its statistics, θ/π = Λ T KΛ, and charge, Q = Λ T ρ, are integervalued, where ρ is the so-called charge vector. In our basis, this is made of two equal 
If W = 0 in (2.1), the first N operators, i = 1, · · · , N , represent chiral spin-up electrons and the second N ones antichiral spin-down electrons; if W = 0, the first (resp. second) N operators describe electrons with spin up (down) with mixed chiralities.
The time-reversal T transformations act on the bosonic field as follows [5] :
where 4) are 2N × 2N block matrices. Time-reversal symmetry implies K = −Σ 1 K Σ 1 , and ρ = Σ 1 ρ.
The time-reversal transformations of the basic fermionic fields (2.2) are as follows, keeping in mind that T is antiunitary,
Time-reversal symmetric interactions
The Hamiltonian H int of electronic edge interactions is expressed in terms of vertex operators U Λ i as follows:
where Λ i are integer vectors subjected to the conditions specified below. The coupling constant g i can be complex and space dependent to account for interactions at impurities, possibly leading to g i → ∞, such that both relevant and irrelevant interactions should be considered.
The condition obeyed by the Λ i for admissible interactions are [5] [7] :
ii) mutual locality of all interactions (Haldane null vector criterion [30] ), 9) such that each interaction can effectively freeze one Abelian edge mode;
iii) time-reversal invariance of H int , iv) linear independence of the Λ i and, more strongly, the following minimality, or "primitivity", condition [5] , The stability analysis of Refs. [5] [7] answered the question of whether there exist enough interactions Λ i for gapping all N modes in a given Abelian theory, thus leading to a trivial massive phase. It was found that there always exist (N − 1) gapping interactions for any matrix K, such that one massless mode is possible, at most. Furthermore the N -th gapping interaction was show to be time-reversal invariant when the Z 2 Levin-Stern index is one, thus matching the results of the flux insertion argument. Let us recall the main steps of this analysis.
The (N −1) solutions Λ i of conditions (2.8)-(2.11) are eigenvectors of the Σ 1 matrix (2.4) with eigenvalue one, that can be taken of the form:
. . .
These vectors are globally neutral, Q = Λ T i ρ = 0, but they also have neutral chiral and antichiral components, Λ
As shown in Refs. [5] [7], these vectors also satisfy the other conditions, (2.9)-(2.11), irrespectively of the form of K (2.1).
On the other hand, the N -th solution depends explicitly on K; for simplicity, we shall consider the diagonal form for K, i.e. with W = 0. We define the vector:
where r is the smallest integer such that all components of Λ are integers. This vector is (necessarily) a eigenvector of Σ 1 with eigenvalue −1; it obeys all the conditions (2.8)-(2.11), but the integer quantity,
should be even for a time-reversal invariant interaction (cf. Eq.(2.10)). It turns out that R is equal to the Levin-Stern quantity 2∆S = ν ↑ /e * , characterizing the flux-insertion stability approach discussed in the Introduction. The proof of this equivalence requires some assumptions on the form of the K matrix [5] ; in the cases of interest in this paper, we use the facts that K is definite positive and invariant under permutations of rows. Then, the fractional charge of chiral excitations, defined by Q = n T K −1 ρ ↑ , with n a N -dimensional integer vectors, take minimal value e * for n = (1, 0, . . . , 0), and this value is equal to the inverse of r in (2.15). Since the filling fraction is given by ν
we finally obtain R = 2∆S.
3 Time-reversal interactions in the Pfaffian topological insulator
From the (331) state to the Pfaffian state
The Pfaffian state is the simplest non-Abelian quantum Hall state [20] ; from the values of filling fraction and minimal charge, we determine its stability index (M is odd integer):
Therefore, the Pfaffian topological insulator is unstable. In the following, its gapping interactions will be deduced from those of the "parent" Abelian topological state, the (331) state defined by the K-matrix:
The correspondence between (331) and Pfaffian (chiral) Hall states is rather well established, and follows from the way the two systems describe electrons forming bosonic pairs [29] . From the K matrix (3.2) we read the expression of the (331) ground state wavefunction:
where
The two sets of coordinates z i and w i , i = 1, . . . , N , pertain to electrons that are distinct by an additional quantum number, say isospin up and down, and the wavefunction is antisymmetric under exchanges of coordinates of the same kind. Therefore, in the bosonic case M = 0, this function does not vanish when two electrons of opposite isospin meet at the same point. This feature signals the pairing of distinct electrons.
The Pfaffian state also describes electrons forming pairs with parallel spin, (p-wave superconductor) and its wavefunction has the same vanishing property. However, in this case all the electrons are identical and the wavefunction is completely antisymmetric. Its expression can be obtained from the (331) wavefunction by antisymmetrizing with respect to all 2N electron coordinates, such that the isospin quantum number is washed out. Indeed, the following relation holds [29] :
where A [..] denotes antisymmetrization over all the 2N coordinates.
The projection to identical fermions corresponds to a map between the conformal field theory descriptions of the two states. In order to describe this correspondence, we should first separate the neutral and charged components of electron fields (cf. (2.2) ). In the (331) theory, both parts are expressed by vertex operators of chiral bosonic fields, ϕ and φ, that are linear combinations of earlier field Φ (chiral part):
with α = √ M + 1. The dimensions of the fields are h = α 2 /2 = (M + 1)/2 and h = 1/2, respectively. The field F is actually a Weyl fermion whose charge does not contribute to Q but accounts for the isospin. Thus, the charge-neutral decomposition reads:
where Ψ i have been defined earlier within the K-matrix lattice.
It is instructive to write the (331) wavefunction as a correlator of the bosonic fields V and F :
This expression is actually equal to (3.3) owing to the Cauchy determinant identity [25] (up to an overall constant).
The projection from the Abelian to the Pfaffian states is obtained by identifying the two species of Abelian fermions Ψ 1 ∼ Ψ 2 , thus eliminating the isospin quantum number [29] . This amounts to projecting the Weyl fermion to a neutral Majorana fermion, F → χ and F † → χ, namely:
After this replacement, the wavefunction (3.7) is now modified in the second term, involving the correlator of 2N Majorana fields, that produces the Pfaffian expression in (3.4). The clustering property of this wavefunction is reproduced by the fusion rule of Majorana fields χ · χ ∼ I. The corresponding conformal theory changes from the Abelian U (1) × U (1) to the non-Abelian U (1) × Ising theory, with central charges c = 2 and c = 3/2, respectively [20] .
We now describe the corresponding map between the Abelian and Pfaffian topological insulators. The Abelian insulator is defined by the K matrix (2.1) in blockdiagonal form (W = 0), and K given by (3.2) . Besides the chiral spin-up Hall states discussed so far, there are corresponding antichiral spin-down states, whose electrons fields Ψ i , i = 3, 4 in (2.2) are similarly projected into antichiral Pfaffian fields: Ψ 3,4 → V χ. Summarizing, we have the following map between electrons in the two theories (i = 1, 2),
In this table, we also explain our notation for conformal fields: the bar denotes antichirality, e.g. ϕ = ϕ(z), ϕ = ϕ(z), while the dagger refers to Fock space operators.
The time-reversal transformations of electron fields (2.6) are left invariant by the projection, and act on the the electrons of the Pfaffian theory as follows:
It would be tempting to assign the minus sign to the transformation of the Majorana field χ and leave invariant the charged Abelian field V , up to antiunitarity. However, this choice is not correct and actually could not be consistently applied to the parafermions of Read-Rezayi states to be discussed in Section 4.2. The correct choice is:
These transformation rules are motivated by the following argument. The sign is due to the 2π spin rotation of (2 + 1)-dimensional spinors and is not built-in in the (1 + 1)-dimensional conformal theory description. Nevertheless, it should hinge on a conserved quantity of the conformal theory. According to the flux-insertion argument discussed in the Introduction, spin is represented in this theory by the difference of charges for chiral-spin-up and antichiral-spin-down conformal fields; thus, the fermion number sign can be written:
Therefore, it is a property to be assigned to the charged fields, and the neutral fields (Abelian and non-Abelian) transform as scalar quantities. 
Projected interactions
The two time-reversal-invariant interactions of the (331) Abelian theory are obtained by the methods described in Section two; the first one is associated to the lattice vector Λ 1 (2.12) and the second one is obtained by specializing the expression of the vector Λ (2.14) for the K matrix (3.2). They read:
These vectors determine the following normal-ordered product of fermionic fields (cf. (2.7)): 14) (recall that the Ψ 1,2 are chiral spin-up and Ψ 3,4 are antichiral spin-down). We now apply the projection to these expressions for obtaining time-reversal invariant interactions in the Pfaffian topological insulator. Since the maps (3.9) apply to individual fermion fields, we should first undo the normal ordering in (3.14) by point splitting, then apply the projection and finally re-normal order the result in the Pfaffian theory. Let us consider the two interactions U Λ 1 and U Λ in turn.
We use the normal-ordering formula for vertex operators [25] , : exp (iαϕ(z 1 )) : : exp (iβϕ(z 2 )) : = (z 12 ) αβ : exp (iαϕ(z 1 ) + iβϕ(z 2 )) :, (3.15) to rewrite:
We now perform the projection (3.9), for each field in this expression and then use (3.15) to normal-order the vertex operators V V † again. We obtain:
Next, we consider the product expansions of chiral vertex operators and of chiral Majorana fields for z 1 → z 2 , focusing on the chiral parts. These expansions involve descendant fields in the conformal representation (sector) of the identity field I of both the charged c = 1 and neutral Majorana c = 1/2 theories, owing to the fusion rules V † · V ∼ I and χ · χ = I: schematically, U [25] . Upon using (3.15), we find the following terms in the charged part (omitting constants), 18) and in the neutral part,
The expression of U
is obtained by selecting the finite terms for ε → 0 in the product of (3.18) and (3.19) . This is the normal-ordering procedure for general conformal theories to be further discussed later. The final expression for the interaction is obtained as follows, neglecting total derivatives: 20) where T n = −χ∂χ/2 and T c = −(∂ϕ) 2 /2 are the stress tensors of the Majorana fermion and bosonic theory, respectively [25] .
In the case of the interaction U Λ in (3.14), we follow similar steps and arrive to the expression:
The conformal sectors involved are U
[I] c=1/2 , since the original Abelian interaction had charged chiral/antichiral parts, i.e. Q = (2, −2) in the notation of Section two. After re-normal ordering, we finally obtain:
Let us discuss the normal-ordering procedure employed in deriving the non-Abelian interactions. At first sight, one could notice a certain degree of arbitrariness in choosing the (singular) term to be extracted from the Laurent expansions in ε (3.18), selected by the quantum numbers of the electrons involved. The operator expansions are series with coefficients the descendant fields in these representations [25] . The normal-ordering procedure identifies the first significant term in the series, made of primary or descendant (quasi-primary) fields. Had we chosen another term of the series, its ability for gapping the system would have been the same, since higher descendants in the representation obey the same selection rules for coupling.
In non-Abelian theories, operator expansions may involve more than one sector, leading to several interaction channels, that could be selected by different normal orderings. However, in our fermionic interactions there is always a single channel, because the fermions are Abelian fields, as discussed in the Introduction.
Properties of non-Abelian interactions
We discuss some features of the interactions found in the non-Abelian theory and their ability to gap the system. The two edge interactions U Λ 1 and U Λ just obtained are time-reversal invariant because they involve bosonic stress tensors T T and squares of the V vertex operator, respectively.
The expression of U
is quartic in the Majorana field; actually, the simpler quadratic interaction in the (331) Abelian theory [5] , U = Ψ † 1 Ψ 4 − Ψ † 2 Ψ 3 + h.c., can be shown to vanish after projection into the Pfaffian. Thus, the quartic interaction U Pfaff Λ 1 should be consider as minimal, or "primitive" (cf. (2.11) ).
The second interaction U Pfaff Λ is also quartic, with V transforming under timereversal as a single fermion in the one-component Abelian theory. As discussed in Section two, the analogous Abelian interaction Ψ † Ψ 2 must be discarded, because it would imply the symmetry breaking expectation value of the "square-root" Ψ † Ψ = 0
[5] [7] . In the Pfaffian theory the corresponding time-reversal breaking quantity V † V cannot acquire an expectation value because it is not local with respect to some excitations.
For example, we consider the chiral quasiparticle V σ σ of minimal charge Q = 1/4 (for M = 1), that can exist at the edge when a corresponding quasiparticle is present in the bulk. The operator product expansion between the charge part V σ = exp(i1/ √ 8ϕ) and V † V is given by V σ V † ∼ z −1/2 . Therefore, the following correlator involving two σ has a square-root branch-cut and nontrivial monodromy: 
Using fusion rules and operator product expansions, we can check whether these expressions are non-vanishing, thus breaking conformal invariance and eventually gapping the spectrum.
Let us first test this formula for the N -component Abelian theory of Section two. In this case, the fusion of the interaction specified by Λ k in (2.12) with the basic chiral and antichiral fermions, respectively Ψ i = Ψ i (z) and Ψ i+n = Ψ i (z), i = 1, . . . , N , takes the following form (for simplicity, consider K = diag(K, −K)):
In presence of n < N interactions Λ k , we can find (N − n) vectors e i (resp. e i ) for which the expression at the exponent of z (resp. z) vanishes, since K is an invertible matrix: the electrons corresponding to these e i and e i do not couple to the interactions and remain massless. Therefore, exactly n = N perturbations Λ k are needed to break scale invariance of the entire spectrum. The argument can be repeated for quasiparticle excitations.
In Abelian theories, we further observe that the cosine interactions (2.7) localize the values of bosonic fields at a minimum, leading to gapful excitations -the socalled Haldane's semiclassical gapping criterium [5] [7] [30] . Therefore, the stronger statement can be made that the N interactions not only break scale invariance but give mass to all excitations.
In the Pfaffian theory, we first distinguish between interactions that do or do not involve charge transfer between chiralities. Specifically, the interaction U Pfaff Λ , with chiral and antichiral charges (Q, Q) = (2, 2), is non-vanishing for the correlator,
that describes scattering with charge transfer between the two chiralities. This process can be realized by charged excitations, electrons and quasiparticles, that all acquire mass by the Haldane argument.
Gapping neutral excitations
The Pfaffian theory further possesses neutral quasiparticle excitations that do not couple to U 
In the following, we show that this coupling breaks scale invariance but cannot give mass to neutral excitations.
The single-edge partition function provides the list of quasiparticle sectors of the Pfaffian topological insulator. As described in our earlier paper, this is obtained by summing the Neveu-Schwarz and Ramond sectors, N S, N S, R, R, whose expressions are given in Appendix A.4 [9] , leading to:
In this expression, the K a are characters of U (1) representations corresponding to the Abelian parts of excitations, carrying charge Q = a/4 + 2Z, while the characters I, ψ and σ describe the neutral non-Abelian parts, being the identity, fermion and spin of the Ising model, respectively [25] .
In presence of the charged interaction U Pfaff Λ with large coupling, all charged excitations become highly massive, such that K a → δ a,0 in (3.27) (up to an irrelevant factor). Therefore, there remain the neutral excitations of the Ising model, 28) that are time-reversal invariant and non-chiral.
The consequences of adding the interaction gU
Pfaff Λ = gT n T n to the Ising model, with T n ∼ χ∂χ its stress tensor, are well understood in the literature [31] . This irrelevant interaction can be used to describe the renormalization group flow from the tricritical to the critical Ising model, as view from the low-energy end point. All along this flow, the Majorana field χ stays massless, thus this interaction does not gap the system. A direct way to check this fact is to notice that the derivative field present in T implies a power-law correction to the single-particle dispersion relation, ε(k) ∼ v|k| + g|k 3 |. Thus, values of g = 0 break conformal invariance but leave a massless neutral state at low-energy. This should be contrasted with the results in the (331) parent Abelian theory, where the neutral interaction is also of cosine type and yields massive excitations. Note also that a T T interaction is possible in any CFT consistently with time-reversal symmetry: it would imply power-law correlations and power-law localization of neutral modes that are irrelevant.
We now remark that the Ising model (3.28) possesses the relevant interaction,
that generically gives mass to the theory, unless fine-tuning to m = 0 is considered. This corresponds to a quasiparticle interaction in the original Pfaffian topological insulator, those possibility was not considered before. Actually, earlier discussions were limited to electron interactions, corresponding to impurity scattering, that are local with respect to all chiral excitations. Quasiparticle interactions, such as mχχ, were discarded because they can be non-local with some chiral quasiparticles. However, in the reduced theory (3.28), electrons and charged chiral quasiparticles have disappeared, thus the mχχ interaction is local with respect to the remaining neutral (non-chiral) excitations and is acceptable.
In conclusion, in the Pfaffian topological insulator we introduced a quasiparticle interaction for gapping the neutral non-Abelian modes that is allowed when the charged excitations are infinitely massive. This argument requires a separation of scales between heavy charged excitations and light neutral excitations, that is not necessary in Abelian systems. Moreover, such quasiparticle interaction is generically unavoidable, but the underlying physical mechanism for its occurrence is yet unclear. We can only speculate that it is a sort of gravitational interaction at the edge.
We finally remark that quasiparticle interactions could be possible in all theories, Abelian and non-Abelian, provided the charged modes first acquire mass. The stability analysis has indeed shown that this is the crucial fact, governed by the Levin-Stern index, and determines all other results. 
Projected interactions
The Read-Rezayi Hall states describe the binding of identical electrons in clusters of k elements, extending the earlier k = 2 case of the Pfaffian [21] . The clustering implies that the ground state (bosonic) wavefunction does not vanish when k coordinates coincide. In the conformal field theory description, the electrons are represented by the Z k parafermion field χ 1 , whose k-th fusion with itself yields the identity, (χ 1 ) k ∼ I, leading to a non-vanishing correlator at coincident points. The parafermion conformal field theory is denoted by P F k and can be realized by the coset P F k = SU (2) k /U (1) [24] . As usual, excitations also have a charge part expressed by vertex operators, leading to the theory U (1)×P F k , with central charge c = 1+c
The fusion of n < k parafermions χ 1 define the parafermion field χ n , and these fields obey Abelian fusion rules among themselves:
that conserve a Z k quantum number. Moreover, they obey χ † n = χ k−n . The parent Abelian theory is a k-fluid generalization of the (331) state with the following K matrix [21] [29]:
This theory describes the clustering of distinguishable electrons, since its wavefunction does not vanish (for M = 0) when k electrons of different species meet at the same point. This wavefunction reproduce the Read-Rezayi expression upon complete antisymmetrization with respect to all coordinates, (see Ref. [29] for a complete discussion of the projection). The two systems share the same spectrum of charges: the filling fraction and minimal charge are,
Thus, the flux insertion argument tells that the topological insulators made by pairs of Read-Rezayi states are stable (unstable) for k odd (even). The stability parameters are (k, p) = (k, kM + 2).
We again use the projection from the Abelian states to determine the gapping interaction of the Read-Rezayi topological insulators. In the present case the projection maps k different chiral species into a single one and the corresponding electron fields Ψ i , i = 1, . . . , k in (2.2) are projected into the Read-Rezayi electron ψ = V χ 1 . More precisely, the correspondence is as follows (i = 1, . . . , k):
There are k Abelian gapping interactions that are expressed by (k − 1) vectors Λ i and by Λ, given in (2.12), (2.13) and (2.14), respectively. The Λ i are independent of the form of K; for example:
The corresponding interactions have chiral components with vanishing charge. The k-th vector is Λ in (2.14); for K given in (4.2), it reads:
This vector is globally neutral because Q = Λ T ρ = 0, but its chiral and antichiral components are charged, Λ
The corresponding interaction is timereversal invariant for even k, in agreement with the index (−1)
and (2.15)).
The expressions of the non-Abelian interactions are obtained as follows. The U Λ i are quartic in the fermion fields as in the k = 2 case, Eq. (3.14), and their projection follows similar steps. After point splitting (3.15) and projection (4.4), one obtains the analogous of (3.17):
These interactions, for i = 1, . . . , k−1, are all projected into the same expression U RR Λ , that involves the identity sectors for both the charged and neutral Z k parafermion theories, owing to the fusion rules V † · V ∼ I and χ 1 · χ k−1 ∼ I, respectively. The normal ordering of vertex operators is the same as in the Pfaffian case (3.18), with α 2 = (2 + kM )/k. For the parafermions we use the general operator expansion of descendant fields in the identity sector [25] ,
where T n is the stress tensor of the parafermion theory, c k its central charge and h 1 = (k − 1)/k the conformal dimension of χ 1 . Upon combining this two operator expansions, we obtain:
This interaction takes the same T T form of descendent of the identity already found in the Pfaffian case, and fulfills the same properties. In particular, it cannot provide a mass for neutral excitations.
The projection of the Abelian interaction corresponding to Λ is slightly more difficult, because it involves 2k fermionic fields:
The operators in each chiral part should be split in k different points {z 1 , . . . , z k }, with |z i − z j | = ε ∀i, j, and later brought back to a common point, ε → 0. We use the formula for the normal ordering of k vertex operators [25] , 11) where the exponent M is given by the K-matrix element. Upon performing the projection (4.4) on individual fermion fields, we re-normal order the k vertex operators V † , and obtain:
The normal ordering of parafermion fields uses the operator product expansions [25] , 14) where h = (k − )/k is the dimension of χ . The coincidence limit of the first (k − 1) coordinates z i − z = ε → 0, creates the parafermion field χ k−1 with singular behavior given by the sum of exponents in (4.13); for the k-th limit we use (4.14) involving the stress tensor, and obtain,
This singularity exactly cancels that coming from the product of vertex operators in (4.12), leading to final result:
Properties of interactions
We now discuss the features of the two edge interactions found for the Read-Rezayi topological insulators, paralleling the analysis of Section 3.3. The time-reversal transformations of Read-Rezayi fields is again inherited from the Abelian fields (2.6) through the projection (4.4), generalizing the result (3.10). It is apparent that the minus sign cannot be assigned to the parafermion field χ 1 , as it would be inconsistent with the fusion rule (χ 1 ) k ∼ I for k odd. As already argued, it should be attached to the charged part, leading to the transformations: 
leading to a non-trivial monodromy incompatible with spontaneous symmetry breaking.
The properties of interactions should be compared with the analysis based on flux insertions and Kramers theorem [9] . For k odd, this tells that some edge excitations are protected against any time-reversal invariant interaction and remain massless. Indeed, these are the charged excitations, because the interaction U RR Λ (4.9) is forbidden by time-reversal invariance.
For k even, the Read-Rezayi topological insulators are unstable according to the flux argument. The charged interaction is allowed and gaps all charged excitations, being a cosine of the Abelian field. Regarding the other interaction, U RR Λ ∼ T T , it is not sufficient to give mass to the remaining neutral excitations, owing to the arguments discussed in Section 3.3 for k = 2.
In order to gap the neutral modes, we consider a quasiparticle interaction that is allowed in the reduced neutral theory where all charged states have acquired very large masses. In this limit, the single-edge partition function of Read-Rezayi topological insulators [9] becomes the following expression:
that contains a subset of the excitations of the Z k parafermion statistical model [24] . The parafermionic characters χ m describe neutral excitations with quantum numbers ( , m) ≡ ( , m + 2k) ≡ (k − , m + k) and m = mod 2.
In this theory we introduce the quasiparticle interaction, are different from zero for any allowed value of [25] . This interaction is generically nonvanishing and gives mass to all the neutral interactions; indeed, such a relevant term coupling to all sectors drives the system into a completely massive phase.
In conclusion, the analysis of interactions in the Read-Rezayi topological insulators confirms the result of the flux argument: some charged excitations remain massless for odd k values, while all excitation become massive for even k. In this section, we extend our analysis to another prominent non-Abelian state involving spinful chiral electrons, that could be used again to model topological insulators. This provides another test of our approach of projected Abelian states. Some background on the physical motivations and properties of the NASS Hall state can be found in Refs. [22] ; we follow the analysis of the quantum numbers, spectrum and partition function of Ref. [24] .
In the NASS state, the clustering property of the Read-Rezayi states is extended to spinful electrons, requiring that the (bosonic) ground state wavefunction does not vanish when k electrons with spin up and k with spin down meet at the same point. The conformal field theory description involves generalized parafermions of two kinds, χ ↑1 and χ ↓1 , that obey the fusion rules (χ ↑1 ) k = (χ ↓1 ) k = I and thus reproduce the vanishing property of the wavefunction. These parafermions can be obtained from the
, to which we should add the U (1) 2 symmetry for charge and spin conservation. Although this state involves up and down spin configurations, it is chiral; thus, a time-reversal invariant topological insulator is obtained by adding a specular antichiral state, as in earlier spin-polarized cases. The combined system possesses independent spin and chiral excitations of both kinds, namely chirality and spin are not tied together. Therefore, excitations are always doubled and a single Kramers pair cannot be formed, leading to instability according to the flux insertion argument. The charge parameters are:
showing that the stability index is always one, as expected. Thus, we should exhibit the gapping interactions consistent with time-reversal symmetry.
The NASS state also possesses a parent Abelian state that describes distinguishable electrons with the same physical features, and that reduces to the non-Abelian state upon projection to identical electrons [22] . Let us recall this Abelian theory in the simplest case k = 2 and charge parameter M eventually fixed to M = 1, leading to ν ↑ = 4/7 and e * = 1/7 in (5.1). For k = 2 there are two chiral electrons for each spin orientation, ↑, ↓, that are distinct by the index a = 1, 2, leading to the four-dimensional chiral K matrix:
The corresponding wavefunctions is: Owing to the spin assignments in (5.4) and (5.5), we should permute the elements of the basis to match the standard notation of Section two, in which the first (resp. second) half of the components describe spin up (down) electrons, and time-reversal transformations acts by the matrix Σ 1 . The elements of the new basis are ordered as follows: In the new basis the K matrix is no longer block-diagonal since the chiralities are mixed. It reads (hereafter we take M = 1): β V β : χ ↑↓ χ ↑↓ + h.c., (5.19) showing that this interaction involves the spin sector of the theory.
Next we observe that the interactions U Λ 3 and U Λ 1 differ in the type a = 1, 2 of some fields, that is irrelevant after projection to the NASS theory. Nevertheless, a different singularity of original Abelian fields, namely Ψ † 1↑ Ψ 1↓ ∼ z −2 versus Ψ † 1↑ Ψ 2↓ ∼ z −1 (cf. 
Properties of NASS interactions
Let us summarize the three independent time-reversal invariant electron interactions that have been obtained in the NASS state with k = 2: , this involves derivative operators and does not gap the neutral excitations, owing to the argument of Section 3.3. Again, we consider the reduced theory where all charged and spinful excitations have decoupled: in this limit, the NASS partition function [9] reduces to the following expression: 27) This tells us the remaining neutral quasiparticles: the ρ, ψ 12 and σ 3 excitations of the SU (3) parafermion theory [22] . In this theory, the quasiparticle interaction,
is relevant, 2h ρ = 6/5 < 2, and couples to all neutral excitations in (5.27) [22] . Therefore, this interaction is generically present and drives the system into a completely massive phase.
In conclusion, we found the needed interactions that confirm the instability of this system as predicted by the flux-insertion argument.
Conclusions
In this paper, we have found the edge interactions that can gap time-reversal invariant topological insulators made by chiral-antichiral pairs of non-Abelian Hall states. In the cases where the flux-insertion argument predicted the instability of the systems, we find a sufficient set of interactions that actually let them decay. In case of stability, as e.g. the Z k parafermionic Read-Rezayi states with k odd, we found instead that the available interactions are not sufficient to gap the system completely. These results complement the stability analysis of our previous paper [9] .
That unstable topological insulators possess enough interactions for decaying could be considered as a natural result. However, in checking this property explicitly we found some interesting features of these models. Firstly, we noticed that the spin sign in time-reversal transformations is carried by Abelian conformal fields that can represent faithfully the spin parity (−1)
2S . Secondly, we observed that the expressions of interactions require normal ordering and that this procedure is free from ambiguities due to the electron field obeying Abelian fusion rules (a so-called simple current) [24] . Thirdly, we found that neutral excitations are gapped by a quasiparticle interaction that is allowed and generically present in the low-energy limit of the theory. The physical origin of this interaction remains to be understood, since it does not correspond to electron scattering at impurities.
Our study of interaction was based on previous analyses of Abelian theories combined with particular projections that relate Abelian and non-Abelian Hall states [29] [22]. It is likely that this kind of approach could be extended to other non-Abelian states that are described by the more general Wen's parton construction also involving Abelian states [10] [32] .
